Abstract: Let A be a Banach algebra, E be a Banach A-bimodule and W E ! A be a bounded Banach A-bimodule homomorphism. It is shown that under some mild conditions, the weak 00 -amenability of E 00 (as an A 00 -bimodule) necessitates weak -amenability of E (as an A-bimodule). Some examples of weak -amenable Banach modules are provided as well.
Introduction
The concept of amenability for Banach algebras was introduced by B. E. Johnson in [14] . He showed that the group algebra L 1 .G/ is amenable if and only if G as a group is amenable. Subsequently, various generalizations of this notion have been studied by a number of authors (for instance, see [2, 6, 11, 19] ). In other words, all authors investigated and obtained some results related to amenability of Banach algebras while many Banach algebras can be considered as a Banach module over another Banach algebras. Amini [1] used this fact and developed the concept of module amenability for a Banach algebra A to the case that there is an extra A-module structure on A. He showed that for an inverse semigroup S with the set of idempotents E, l 1 .S / is l 1 .E/-module amenable if and only if S is amenable.
There are many examples of Banach modules which do not have any natural algebra structure. In [7] , Ebrahimi Bagha and Amini introduced the notion of -amenability for Banach modules and proved that -amenable Banach modules possess module virtual (approximate) diagonals in an appropriate sense. They also defined the notion of weak -amenability for Banach modules.
In this paper we modify the notion of weak -amenability for a Banach module E and find some results about weak -amenability. Indeed, for a Banach algebra A and a Banach A-module E, we obtain some sufficient conditions to be weakly -amenable of E. We also show (in some results) under certain conditions, the weak 00 -amenability of E 00 , the second dual space of E, implies the weak -amenability of E. These results can be regarded as the generalizations of the fact that, for a Banach algebra A, weak amenability of A 00 implies weak amenability of A under any of the following conditions: every derivation D W A ! A 0 satisfies D 00 .A 00 / WAP(A) [8] ; A is a left ideal in A 00 [12] ;
A is a dual Banach algebra [10] (a generalized form is in [3] ); A has (SDLP) [16] .
Preliminaries
Let A be a Banach algebra and E be a Banach A-bimodule. Let also and˙be the first and second Arens products of A 00 , respectively. It is well-known that A 00 equipped with both Arens products is a Banach algebra (for more details, see [5] ). The dual space E 0 of E is also a Banach A-module by the following module actions:
We put E 00 D .E 0 / 0 , and we regard E as a subspace of E 00 in the standard fashion. We denote the canonical images of Also for any e 00 2 E 00 the map a 00 7 ! a 00 e 00 from A 00 into E 00 is w -w -continuous and for any a 00 2 A 00 the map e 00 7 ! e 00 a 00 from E 00 into E 00 is w -w -continuous. Let A be a Banach algebra, E be a Banach A-bimodule and W E ! A be a bounded Banach A-bimodule homomorphism, that is, a bounded linear map such that for any a 2 A, x 2 E, .a x/ D a .x/ and .x a/ D .x/ a:
It is routine to check that 00 W E 00 ! A 00 , the second adjoint of , is a bounded A 00 -bimodule homomorphism. Recall that for a Banach algebra A and a Banach A-bimodule X , a derivation D W A ! X is a linear map such that D.ab/ D D.a/ b Ca D.b/ for all a; b 2 A. Also, the derivation D is said to be inner if there exists x 2 X such that D.a/ D a x x a for every a 2 A. The Banach algebra A is called amenable if every continuous derivation D W A ! X 0 is inner for every Banach A-bimodule X and A is called weakly amenable if every continuous derivation D W A ! A 0 is inner. Throughout this paper, A is a Banach algebra, E is a Banach A-bimodule and W E ! A is a bounded Banach A-bimoule homomorphism unless otherwise stated explicitly.
Let X be a Banach A-bimodule.
Remark 2.2. Note that the definition of weak -amenability in [7] is an alternative definition from our definition (..E// 0 instead of ..E// 0 ). Since .E/ is not necessarily a closed subspace of A, it may not be a Banach space, so we modified it. However, it seems that we are able to validate the results of [7] by applying this new definition.
Weak amenability of Banach modules
We start this section with a definition which is analogous to [13 Thus, hD..x//; ai D h.x/ .x/; ai, for all a 2 .E/ and x 2 E. Therefore D is -inner.
Definition 3.3. Let A be a Banach algebra, E be a Banach A-bimodule and W E ! A be a bounded A-bimodule homomorphism. Then ker has weak -trace extension property if for every 2 .ker / 0 with a D a for every a 2 A; there exists 2 E 0 such that .x/ D .x/ for every x 2 E, and j ker D :
If E is weakly -amenable and .E/ is norm closed in A, then ker has weak -trace extension property.
Proof. Suppose that 2 .ker / 0 such that a D a; for all a 2 A. By the Hahn-Banach theorem, there
? is a derivation. We know that there is an isometric isomorphism between .ker / ? and .
E ker

/
0 and there is a homeomorphism between .
E ker / and .E/ which is also an A-bimodule isomorphism. By weak -amenability of E, there exists 2 .ker / ? such that
Putting T D ƒ , we have T j ker D and T .x/ D .x/ T for any x 2 E:
In analogy with Proposition 3.4, we have the following result. The proof is similar, but we include it.
Proposition 3.5. If E is weakly -amenable and .E/ is norm closed in A and has a bounded approximate identity, then ker has -trace extension property. 
Take T D ƒ . So, T j ker D and T .x/ D .x/ T for all x 2 E:
Weak amenability for second dual
In this section, for a Banach module E, we prove under what conditions the weak 00 -amenability of E 00 implies the weak -amenability of E. From now on, we consider A 00 with the first Arens product as a Banach algebra. A functional a 0 in A 0 is said to be WAP (weakly almost periodic) on A if the mapping a 7 ! a 0 a from A into A 0 is weakly compact. In [17] , Pym showed that this definition is equivalent to the following condition: For any two nets .a j / and (b k / in fa 2 A Wk a kÄ 1g we have 
It follows from (1), (2) and (4) The proof of the following result is close to the proof of [ The above computations imply that
Similarly we can show that
Therefore ƒ ı D 00 is a 00 -derivation. This completes the proof.
The idea of the following theorem is taken from [10, Theorem 2.2]. We bring its proof.
Theorem 4.4. Let A be a Banach algebra, let E be a Banach A-bimodule and W E ! A be a bounded Abimodule homomorphism with norm closed range. Suppose that .E/ is a dual Banach algebra. If E 00 is weakly 00 -amenable (as an A 00 -bimodule) and .E/ 00 has a bounded approximate identity, then E is weakly -amenable (as an A-bimodule).
Proof. By assumptions, .E/ is a norm closed ideal of A and hence .E/ is a Banach algebra. Assume that .E/ D B 0 for a Banach space B such that b B is a submodule of the dual module .E/ 0 . Suppose that i W B ! B 00 D .E/ 0 is the embedding map and
is a derivation. Since .E/ 00 D 00 .E 00 / is a closed ideal of A 00 and .E/ 00 has a bounded approximate identity, by [ 2 .E/ 00 /:
Let j W .E/ ! .E/ 00 be the canonical mapping and let f D j 0 .F /. Then D.a/ D a f f a for all a 2 .E/:
Let A be a Banach algebra and X be a Banach A-bimodule. Then X 000 can have two A 00 -bimodule structures (see [9] ). First we regard X 000 , as the dual space of X 00 . Since X is an A-bimodule, X 00 is an A 00 -bimodule, and thus X 000 D .X 00 / 0 is also an A 00 -bmodule. In fact, for each x 000 2 X 000 ; a 00 2 A 00 ; x 00 2 X 00 ; The next definition was introduced by Medghalchi and Yazdanpanah [16] . Some results about (SDLP) can be found in [4] .
Proposition 4.7. Let A be a Banach algebra and X be a Banach A-bimodule. If A has (SDLP), then two A 00 -bimodule structures on X 000 coincide.
Proof. Let x 000 2 X 000 ; x 00 2 X 00 and a 00 2 A 00 . Choose the nets .x
Corollary 4.8. Let A be a Banach algebra, E be a Banach A-bimodule and W E ! A be a bounded A-bimodule homomorphism with norm closed range. If A has (SDLP), then weak 00 -amenability of E 00 as an A 00 -bimodule implies the weak -amenability of E as an A-bimodule.
Proof. If A has (SDLP), then two A 00 -bimodule structures on .E/ 000 coincide. Now apply Theorem 4.5.
We close this section by two examples. 
